Abstract. The geometric quantization of a symplectic manifold endowed with a prequantum bundle and a metaplectic structure is defined by means of an integrable complex structure. We prove that its semi-classical limit does not depend on the choice of the complex structure. We show this in two ways. First, by introducing unitary identifications between the quantum spaces associated to the various complex polarizations and second, by defining an asymptotically flat connection in the bundle of quantum spaces over the space of complex structures. Furthermore Berezin-Toeplitz operators are intertwined by these identifications and have principal and subprincipal symbols defined independently of the complex structure. The relation with Schrödinger equation and the group of prequantum bundle automorphisms is considered as well.
introduction
Geometric Quantization of Kostant [14] and Souriau [17] is a procedure which associates a quantum space to a symplectic manifold endowed with a prequantum bundle and a polarization. Since its introduction, there has been some attempt to find natural identifications between quantum spaces associated to different polarizations (cf. [4] , [16] ). In the case of symplectic compact manifolds with complex polarizations, Ginzburg and Montgomery observed in [10] that a natural identification does not exist for a broad class of manifolds. Recently Foth and Uribe [9] obtained semi-classical results in the same direction.
We prove that there exists a natural semi-classical identification when the definition of the quantum spaces is altered with the metaplectic correction. This result is a consequence of our study undertaken in [8] of the symbolic calculus of Toeplitz operators and Lagrangian sections that we extend in this paper to Fourier integral operators. Before we state our results, let us discuss quantization without metaplectic correction.
1.1. Ordinary quantization. Let (M, ω) be a symplectic compact manifold with a prequantization bundle L → M , i.e. a Hermitian line bundle with a connection of curvature 1 i ω. Denote by J int the space of integrable complex structure of M compatible with ω and positive. To any j ∈ J int is associated a sequence of quantum spaces Q k (j) := {j-holomorphic sections of L k }, k = 1, 2, ... Here the holomorphic structure of L is the one compatible with the connection. The semi-classical limit corresponds to k → ∞. When k is sufficiently large, the Kodaira vanishing theorem and Riemann-Roch-Hirzebruch theorem imply that the dimension of Q k (j) is given by a Riemann-Roch number, which only depends on the symplectic structure of M and k. Assume that we can choose such an integer k by naturality, =U k (Φ Considering the associated infinitesimal representation, Ginzburg and Montgomery proved in [10] that the existence of such a representation contradicts "no go" theorems in many cases. Indeed one can view the Lie algebra of G as C ∞ (M, R), the Lie bracket being the Poisson bracket. Then assuming that the maps U k (j a , j b ) depend smoothly on j a and j b , we obtain a Lie algebra representation C ∞ (M, R) → End(Q k (j)).
By [10] , since M is compact and Q k (j) is finite dimensional, the associated projective representation is trivial. But for a broad class of manifolds M , G contains a finite dimensional subgroup which preserves a complex structure j and whose induced representation on Q k (j) is not projectively trivial. The same arguments contradict also the existence of an identification between the projectivised quantum spaces.
In spite of this result, there is a natural identification of a particular interest which has been introduced for the quantization of the moduli spaces of flat connections (cf. [12] and [1] ). To define it consider the quantum spaces Q k (j) as the fibers of a bundle Q k → J int . Then introducing a functorial and natural family (U k (j a , j b )) which depends smoothly on j a and j b amounts to endowing this bundle with a flat G-invariant connection. Now consider Q k as a subbundle of
Since P k is trivial, it has a natural flat connection and Q k is equipped with the projected connection. Because of the previous result, the curvature R k of Q k can not vanish in general. On the other hand by the theory of Boutet de Monvel and Guillemin [5] , the Toeplitz operators provide an asymptotic representation of the Poisson algebra C ∞ (M ) as operators on End(Q k (j)) when k → ∞. So it is possible that the curvature R k is asymptotically flat (cf. end of section 8.4 for a quantitative argument). Foth and Uribe compute the asymptotics of R k in [9] and prove the following: for any j ∈ J int and tangent vectors η, µ ∈ T j J int , there exists a function f (η, µ) ∈ C ∞ (M ) such that
where Π k (j) is the orthogonal projector of
Furthermore, they give a simple formula for the multiplicator f (η, µ), which shows that it does not vanish for a generic choice of (η, µ). Consequently the curvature is not asymptotically flat. Neither is it asymptotically projectively flat.
Main results.
Let us turn to geometric quantization with metaplectic correction. The metaplectic structures were introduced by Kostant in [15] as metaplectic principal bundles lifting the symplectic frame bundle (cf. also [11] and [2] ). Here we use the half-form bundle approach (cf. [18] ) more convenient for our purpose.
Given a complex structure j ∈ J int , a half-form bundle (δ, ϕ) of (M, j) is a line bundle δ → M together with an isomorphism of line bundles where the superscript "m" stands for metaplectic. Here the holomorphic structure of δ is such that ϕ is an isomorphism of holomorphic bundles.
There is an obvious notion of isomorphism between two half-form bundles associated to the same complex structure and these isomorphisms give rise to isomorphisms between the associated quantum spaces. Our aim is to extend this to the whole collection D of triples (j, δ, ϕ), where j ranges through J int .
In section 5.1, we define a collection M of morphisms, which makes (D, M) a category such that every morphism is an isomorphism. Important facts are that the automorphism group of any a ∈ D is Z 2 and the isomorphism classes are in one to one correspondence with the elements of H 1 (M, Z 2 ). Furthermore isomorphism classes correspond to equivalence classes of metaplectic structures of M . 
where the estimate O(k −1 ) is for the uniform norm of operators.
One of the original motivations to introduce the metaplectic correction was to define some natural pairings between the quantum spaces associated to different polarizations, which are called now Blattner-Kostant-Sternberg pairings. Our construction of the operators U k (Ψ) is rather different. These are Fourier integral operators with a prescribed principal symbol and the functoriality property is a consequence of the symbolic calculus.
We interpret this theorem as a semi-classical functoriality of quantization with half-form bundle. Moreover, the family ((U m k (Ψ)) k ; Ψ ∈ M) is natural with respect to a suitable action of the group G of prequantization bundle automorphisms of L on (D, M). We can therefore adapt the previous construction (1) and we obtain for any a ∈ D an asymptotic representation on Q m k (a) of a central extension by Z 2 of the identity component of G. This is in some sense a generalization of the standard metaplectic representation. 
Fourier integral operator
Let (M, ω) be a symplectic compact connected manifold with a prequantization bundle (L, ∇), i.e. L is a Hermitian line bundle and ∇ a connection of curvature 1 i ω. The quantizations of (M, ω) we will consider depend on two additional datas: a complex structure j of M compatible with ω and positive, and a holomorphic Hermitian line bundle K over the complex manifold (M, j).
Let us denote by K the collection of such pairs (j, K). To any a = (j a , K a ) ∈ K, we associate the sequence of Hilbert spaces
where the holomorphic structure of L is the one compatible with the connection ∇ such that L → M is holomorphic with respect to j a . The scalar product is defined by means of the Hermitian structure of L k ⊗ K a and the Liouville measure of M .
For any a, b ∈ K, let us introduce the space F (a, b) of Fourier integral operators from H(a) to H(b). Their definition is a slight generalization of the one in [7] because of the fiber bundles K a and K b . Consider a sequence (S k ) such that for every k, S k is an operator H k (a) → H k (b). The scalar product of H k (a) gives us an isomorphism
The latter space can be regarded as the space of holomorphic sections of
where M 2 is endowed with the complex structure (j b , −j a ). The section S k (x, y) associated in this way to S k is its Schwartz kernel.
We say that (S k ) is a Fourier integral operator of F (a, b) if
and∂E ≡ 0 modulo a section vanishing to any order along the diagonal.
2 which admits an asymptotic expansion in the C ∞ topology of the form
whose coefficients satisfy∂f i ≡ 0 modulo a section vanishing to any order along the diagonal.
Let us define the principal symbol of (S k ) to be the map x → f 0 (x, x). Using the Hermitian structure of K a , we regard it as a section of Hom(
satisfies the expected property.
Theorem 3.1. The following sequence is exact
where the O(k −1 ) is for the uniform norm of operators.
The composition of these operators is also as expected, with some complications regarding the product of the symbols. Given three complex structures j a , j b and j c of M , we denote by ζ
The two previous theorems were essentially proved in the chapter 4.1 of [7] except the formula for the composition of the symbols, which will be proved in chapter 4. Since the composition of operators is associative, the same holds for the symbol. Observe that this can be directly checked with the cocycle relation (2).
F (a, a) is the space T (a) of Toeplitz operators of H(a). Equivalently, a Toeplitz operators is any sequence (T k : H k (a) → H k (a)) of operators of the form
. As a result the principal symbol σ(T k ) is the function g 0 . Let us define the normalized symbol of (T k ) to be the formal series
where g(., ) = g 0 + g 1 + ... and ∆ is the holomorphic Laplacian. We are actually only interested in the two first terms of this series, which are the principal symbol and the subprincipal symbol g 1 + 1 2 ∆g 0 . As a consequence of the works of Boutet de Monvel and Guillemin, the product of the normalized symbol is a star-product ( [5] ). 
, its principal symbol vanishes and consequently R ∈ F(a, b). So the proof of the theorem consists in computing the principal symbol of R. This is postponed to chapter 6. Let us deduce some interesting consequences. Applying the theorem with two Toeplitz operators S and T of T (a), we recover that the principal symbol of 
when k is sufficiently large. By some standard argument that we briefly recall now, U F (a, b) is not empty if and only if K a and K b are isomorphic as line bundles. First it follows directly from the definition of a Fourier integral operator that the adjoint of an operator S ∈ F(a, b) belongs to F (b, a) and its principal symbol is the adjoint of the principal symbol of S. So if S ∈ U F (a, b), theorem 3.2 implies that the principal symbol of S is a line bundle isomorphism K a → K b . Conversely if K a and K b are isomorphic, there exists an elliptic R ∈ F(a, b), meaning that its principal symbol doesn't vanish anywhere. Then R * R is an elliptic Toeplitz operator by theorem 3.2. So (R * R)
2 is a Toeplitz operator (cf. as instance [6] ). Finally R(R * R)
and T a is a Toeplitz operator of H(a), then by theorem 3.2
is a Toeplitz operator of H(b) with the same principal symbol as T a . Applying theorem 3.3, we compute its subprincipal symbol in terms of the principal and subprincipal symbols of T a :
where α S is such that
. A consequence of this formula is the following result. Indeed, if K a and K b are isomorphic and * a satisfies the result, the same holds for * b because of (7) and the relations
Furthermore we can explicitly compute * a , in the case where M is C n with H(a) the Bargmann space, and the result is satisfied. Of course, this is not sufficient to conclude. But it appears in the proofs of the previous theorems that all the results about the symbolic calculus are completely local and we can really deduce in this way theorem 3.4.
Proof of theorem 3.2
The proof relies on the complex stationary phase lemma. We only sketch the first part, because the details appeared in [7] , with some typos however. The Schwartz kernel of an operator S ∈ F(a, b) is by definition of the form
Let us write on a neighborhood of the diagonal
The following lemma is proved in [7] . Consider now S ∈ F(a, b) and
, and to estimate it on a neighborhood of (x, z) = (x, x) it suffices to integrate on a neighborhood of x. We evaluate the result by applying the stationary phase lemma. Let us write
with t a unitary local section of L → M . We deduce from the previous lemma the following facts.
In particular d 2 y Φ is non-degenerate along ∆ 3 .
• the kernel of the tangent map to d y Φ at (x, x, x) is
These ensure that we can apply the stationary phase lemma (cf. [13] or the appendix of [8] ). Thus the Schwartz kernel of S ′ S is of the form
where g(., k) is a sequence of sections of K c ⊠K a which admits an asymptotic expansion in negative power of k and
modulo a linear combination with C ∞ coefficient of the functions ∂ y i Φ(x, y, z), i = 1, ..., 2n.
Let us check that the section F satisfies the assumptions following equation (6) . Since ∂ y i Φ vanishes along the diagonal, it follows from (8) that Φ r (x, x) = 0. Furthermore, we have Proof. Introduce complex coordinates x 1 , ..., x n on M for j c . Let us write
Derivating equation (8) and using that ∇ (∂xi ,0) E b,c vanishes to any order along the diagonal of M 2 , we get
e. modulo a function vanishing to any order along the diagonal of M 3 . Thus
In the same way, if z 1 , ..., z n are complex coordinates for j a , we show that
Then we deduce from (10) and (11) that for any multi-index α and β, the function
vanishes along the diagonal ∆ 2 of M 2 . This implies that ∇ L⊠L (∂xi ,0) F ≡ 0 modulo a section vanishing to any order along ∆ 2 . We treat in the same way the covariant derivatives of F with respect to the vector fields (0, ∂ z i ).
Then since the kernel of S ′ S is a holomorphic section of
the coefficients of the asymptotic expansion of g(., k) satisfy∂g l ≡ 0 modulo a section vanishing at any order along the diagonal. So we proved that S ′ S is a Fourier integral operator of F (a, c).
Final step is to compute its symbol. By the stationary phase lemma, we have
where
where g b is the metric ω(X, j b Y ). Since the Liouville form µ M is the Riemannian volume for g b , it comes that δ(x)
Thus to obtain the formula in theorem 3.2, we have to show that
To see this, let us choose j b as the reference complex structure and let us associate to j a and j c the bundle maps µ a and µ c from Λ (4). On one hand, we have by (5) 
The result follows.
5.
Half-form bundle and quantization 5.1. Preliminaries on half-form bundle. Let j be an almost-complex structure of M . Recall that a half-form bundle of (M, j) is a complex line bundle δ → M together with a line bundle isomorphism
which covers the identity of M . Two half-form bundles (δ a , ϕ a ) and (δ b , ϕ b ) are isomorphic if there exists a line bundle isomorphism Ψ : δ a → δ b covering the identity and such that
In the case where there exists a half-form bundle, there are #H 1 (M, Z 2 ) isomorphism classes of half-form bundles.
The existence and the choice up to isomorphism of a half-form bundle over a symplectic manifold (M, ω) is in some sense independent of the almost complex structure, providing it is compatible with ω and positive. To see this we extend the previous notion of half-form bundle isomorphisms to the collection D consisting of the triples (j, δ, ϕ), where j is an almost-complex structure of M compatible with ω and positive, and (δ, ϕ) is a half-form bundle for (M, j).
Let us define a half-form bundle morphism (j
1 with E = T x M and the complex structures j a (x) and j b (x).
The composition of a morphism Ψ :
where the product • on the right-hand side is the usual composition of maps and the function ζ 1 2 (j a , j b , j c ) is defined as in section 2. Observe that • m is the product of symbol appearing in theorem 3.2.
It is easily checked that D with this collection of morphisms is a groupoid. The associativity of • m follows from the cocycle condition (2). Equations (3) imply that the identity 1 a of δ a is the unit of (j a , δ a , ϕ a ), i.e.
Moreover, for any (j, δ, ϕ) ∈ D, define the Hermitian structure of δ in such a way that ϕ becomes an isomorphism of Hermitian bundles. Then since
So Ψ is invertible, with inverse Ψ * .
If a and b in D are isomorphic, there exists exactly two morphisms a → b. Observe also that given an almost complex structure j, each isomorphism class of D has a representative whose almost complex structure is j. So the existence of a half-form bundle doesn't depend on the almost complex structure. And there are #H 1 (M, Z 2 ) isomorphism classes in D if it is not empty. 
Furthermore if Ψ is a half-form bundle morphism a → b, the map sending the Toeplitz operator T :
First part is an immediate consequence of theorem 3.2 because the composition of half-form bundle morphisms is the same as the composition of symbols. Second part follows from theorem 3.3, or more directly from formula (7).
The group G of connection-preserving Hermitian automorphisms of L acts on the quantum spaces as follows. First an automorphism Φ of G covers a symplectomorphism φ of M . Then Φ acts on D int by sending a = (j, δ, ϕ) into Φ * a := (φ * j, φ * δ, φ * ϕ), where φ * ϕ is defined in such a way that the diagram
commutes. Finally the operator
Let us consider now a ∈ D, fixed until the end of this section. If Φ belongs to the identity component G o of G, then a and Φ * a are isomorphic half-form bundles. In this case, we associate to any morphism Ψ : Φ * a → a the sequence of operators 
In the definition of the product of G m 0 , we used the following action of G on the half-form bundle morphisms. If Φ is prequantization bundle automorphism of L covering the symplectomorphism φ and Ψ is a morphism a → b, then Φ * Ψ is the morphism Φ * a → Φ * b defined in such a way that the diagram
commutes. One deduces easily from the relations
which implies the last part of the theorem:
by theorem 5.1.
It is well-known that the Lie algebra of G 0 is C ∞ (M, R), the Lie bracket being the Poisson bracket (cf. (16) for an explicit formula for the exponential map). Let us associate to any
2 ). By theorem 3.4, we obtain a Lie algebra representation up to O( ) in the sense that
By exponentiating we recover the representation of theorem 5.2.
exp(tf ) and (Ψ t ) is the continuous family of half-form bundle morphisms
This last result will be proved in section 8 (cf. remark after corollary 8.3). Let us return to the quantum spaces H(a) defined from a complex structure j a and a Hermitian holomorphic line bundle K a → M . As in [8], we introduce a half-form bundle (δ a , ϕ a ) and a holomorphic Hermitian line bundle L 1,a such that
For another pair (j b , K b ), introduce in the same way (δ b , ϕ b ) and L 1,b . Then rewriting the formulas of chapter 3 with these data, we get more transparent results:
• The formula for the commutators in theorem 3.4 becomes
where we divided by Z 2 to identify (Ψ, Ψ 1 ) with (−Ψ, −Ψ 1 ). The composition of symbols in theorem 3.3 is then the product of the composition of half-form bundle morphisms with the usual composition.
• The symbol of a unitary operator S ∈ U F (a, b) is of the form [Ψ, Ψ 1 ] with Ψ ∈ M a,b and Ψ 1 a unitary isomorphism L 1,a → L 1,b . Furthermore the equivalence of the star-products * a and * b induced by S is up to second order
This point of view will also be useful to prove theorem 3.3 in the following section.
Proof of theorem 3.3
To prove the theorem, we consider the kernels of the Fourier integral operators as Lagrangian sections and interpret T b S − ST a as the result of the action of a Toeplitz operator on a Lagrangian section. The computation of the symbol is then a corollary of theorem 3.4 in [8].
Let us regard M 2 as a symplectic manifold with symplectic form 
where X is the Hamiltonian vector field of f and f 1,a , f 1,b are the subprincipal symbols of T a and T b respectively.
To the morphisms Ψ and Ψ 1 correspond two sections
The principal symbol of the Lagrangian section S(.) isΨ ⊗Ψ 1 . The restriction to the diagonal of the Hamiltonian vector field of the principal symbol of T is ∆ * X. Then it follows from theorem 3.4 of [8] that the principal symbol of k
It remains to explain how is defined the section D ∆ XΨ of δ b ⊗ δ a and to prove that it vanishes. This will imply (14) .
Consider the isomorphism
is a square root of Λ 2n T * M ⊗ C through the map
and D ∆ XΨ is defined in such a way that
Then D ∆ XΨ = 0 follows from the following lemma and Liouville theorem.
because α is unitary.
Geometric interpretation
Consider as previously a symplectic manifold (M, ω) with a prequantization bundle (L, ∇). The space J of almost complex structures of M compatible with ω and positive may be regarded as the space of sections of a fiber bundle over M , which turns it into an infinite dimensional manifold. Let us fix a isomorphism class D of half-form bundles and choose for any j ∈ J a half-form bundle of (M, j) which represents D and depends "smoothly" on j. One way to do that is first to choose (j 0 , δ 0 , ϕ 0 ) representing D and then to set
Let P m k → J be the bundle of prequantum spaces, whose fiber at j is the space of smooth sections of L k ⊗ δ j . Let us consider now a submanifold J int of J which contains only integrable complex structures. Assume that the family of Hilbert spaces
when k is sufficiently large. This assumption is satisfied as soon as the dimension of Q m k,j is constant when j runs over J int . This follows from Fredholm theory because Q m k,j is the kernel of the holomorphic Laplacian, an elliptic second order differential operator whose coefficient depend smoothly on the complex structure. Furthermore as noticed by Foth and Uribe [9] , for any complex structure j 0 , there exists an integer N such that the dimension of Q m k,j is constant when j describe a C 2 neighborhood of j 0 and k is larger than N . The C 2 -topology is involved here to control the curvature term in the Bochner-Kodaira identity and deduce a uniform vanishing theorem. Then the dimension of Q m k,j is given by the Riemann-Roch theorem. Before we continue, let us note that P First we define a connection on P m k . Given a tangent vector µ of J at j 0 , let us introduce a curve j t of J tangent to µ at t = 0 and consider the continuous family (Ψ t ) of half-form bundle morphism (δ j0 , ϕ j0 ) → (δ jt , ϕ jt ) such that Ψ 0 is the identity of δ j0 . Then we define the covariant derivative of a section Φ of P m k with respect to µ to be
t .Φ(j t ) where the derivative is in the t-independent space P • For any j ∈ J int and η, µ ∈ T j J int , the sequence of curvature
. is a Toeplitz operator whose principal symbol vanishes.
• For any curve γ of J int with endpoints j a and j b , the sequence of parallel
Its principal symbol is the half-form bundle morphism δ ja → δ j b obtained by extending continuously the identity of δ ja in half-form bundle morphisms δ ja → δ γ(t) .
The proof is postponed to section 10. Let us compute the curvature of P m k . Given an almost complex-structure j 0 ∈ J , we can represent any j ∈ J as a section
such that the graph of µ(x) is Λ 1,0 j T * x M for any x ∈ M . In this way, we identify the tangent space to J at j 0 with
and J becomes a neighborhood of the zero section of T j0 J . is compatible with the Hermitian structure. Its curvature at η, µ ∈ T j J is given by
It is interesting to compare the previous theorems with the results of Foth and Uribe [9] . The curvature of Q m k is the sum of two terms which cancel each other at first order. The first term is the curvature of P m k and the second one is a commutator (cf. lemma 8.6). In the case considered by Foth and Uribe, the prequantum spaces are defined without half-form and consequently don't depend on the complex structure. Then the bundle J int × C ∞ (M, L k ) is endowed with the trivial connection, and composing with the Szegö projector, we obtain a connection on the quantum space bundle. Its curvature equals a commutator (cf. lemma 2.1 of [9] ), which is essentially the same as in our situation, and isn't canceled by the curvature of the prequantum bundle, flat in this case.
Proof of theorem 7.2. Let j 0 be a fixed almost-complex structure and let us identify J with an open convex set O of T j0 J as previously. Let us compute the connection in the trivialization
induced by the continuous family of half-form bundle isomorphisms (δ j0 , ϕ j0 ) → (δ j , ϕ j ) extending the identity of δ j0 .
Let µ(t) be a curve of O covered by a section Φ(t). By lemma 2.3, the continuous curve of half-form bundle morphisms Ψ t : δ µ(0) → δ µ(t) is in the previous trivialization the multiplication by the continuous square root of
Idμ(0) µ(t) Id equal to 1 at t = 0. Then we have
Thus we have ∇
Finally it is easy to compute the curvature at the origin of O, where α vanishes which leads to the formula of the theorem.
To check the compatibility of the connection with the scalar product, observe that our trivialization doesn't preserve the scalar product. Actually since Ψ * j0,j • Ψ j0,j = ζ(j 0 , j, j 0 ), we have
Then using again that the connection form α vanishes at the origin and that
at the origin. 
which proves that ∇ Q m k is Hermitian.
Action of the prequantization bundle automorphisms
Adapting the constructions of section 5, we define an action of the identity component G 0 of the group of prequantization bundle automorphisms of (L, ∇) on P m k and Q m k . For any equivariant vector bundle equipped with an invariant connection, one defines a moment (cf. definition 7.5 in [3] ). This notion makes sense in our infinite dimensional setting. In the first part of this section, we prove the moment of a function f in the Poisson Lie algebra C ∞ (M ) is a Toeplitz operator. From this we compute the solution of Schrödinger equation in terms of parallel transport. This last result was obtained in [9] in the case without metaplectic correction. This enables us to deduce that the quantum propagator is a Fourier integral operator from the fact that parallel transport is such an operator. Next we compute the commutator of Toeplitz operators in terms of the curvature of the quantum space bundle. This prove our estimate of the curvature is sharp. Finally we explain how the same ideas apply in the case without metaplectic correction. 
commutes. Then the pull-back by
Choosing the bundle map δ j → δ Φ * j in such a way that it depends continuously on j, we obtain the action of Φ on P m k . Since this action is only defined up to multiplication by −1, we obtain merely a G o -action on the orbibundle (P m k , Z 2 ). Given a function f ∈ C ∞ (M ), let us define the operator
where X is the Hamiltonian vector field of f and D X is the first order differential operator of
Recall that the Lie algebra of G o may be viewed as C ∞ (M, R). Given f ∈ C ∞ (M, R), Φ t := exp(tf ) is the automorphism of L which covers the Hamiltonian flow φ t of f at time t and is given by
where T t is the parallel transport from L x to L φt(x) along the Hamiltonian flow.
Theorem 8.1. Let f ∈ C ∞ (M, R) and denote by
the action of exp(tf ) on P m . Let j 0 ∈ J and j : R → J be the curve j t = φ *
The action of the symplectomorphism group on J preserves the subspace of integrable almost complex structures. Assume that j 0 ∈ J int and that the submanifold J int is invariant under the action of exp(tf ). Then the operator U t restricts to an operator Q m k,j0 → Q m k,jt and the section s of j * Q m k defined as above satisfies
Proof. First we may assume that
it is sufficient to prove the result at t = 0. Let us write
where the derivativeα t is in the t-independent vector space C ∞ (M, L k ) anḋ
with Ψ t : δ j0 → δ jt the continuous family of half-form bundle morphisms such that Ψ 0 is the identity of δ j0 . It is a classical result thaṫ
So it remains to prove thatβ 0 = D X β Denote byD the map sending β ∈ δ j0 intoβ 0 defined in (17) .D is a first order differential operator. We have to prove that
We have
Now it follows from the definition of Ψ j0,jt that
Since Ψ t is a half-form bundle morphism, we obtain
which was to be proved. 
by theorem 8.1. Furthermore for any function g ∈ C ∞ (M ), we have
. So U t and Op k (f ) commutes, because f is preserved by its Hamiltonian flow. Consequently 1 ik
To conclude, we prove that P t and Op k (f ) commute. We have
because of (18) .
Let us assume again that j 0 ∈ J int and that J int is preserved by the action of exp(tf ). Then arguing as in the previous proof, we can deduce the similar result for the bundle Q 
Recall that Q m (f ) is a Toeplitz operator whose normalized symbol is f + O( 2 ). Then theorem 5.3 follows from the fact that the parallel transport in Q m is a unitary Fourier integral operator (cf. theorem 7.1).
8.3. Commutators and curvature. In the next theorem, we compute the commutator of Op k (f ) and Op k (g) (resp. Q 
where η and µ are the vector fields of J corresponding to the infinitesimal action of f and g on J . Furthermore,
when η and µ are tangent to J int .
Since Q m (f ) is a Toeplitz operator with normalized symbol f + O( 2 ), it follows from theorem 3.4 that
This is consistent with the second equation of the previous theorem and the fact that R
) except for particular sub manifolds J int . Indeed given a complex structure j, there is a star-product * j such that for any functions f and g,
where h(., k) has an asymptotic expansion h 0 + k −1 h 1 + .. whose coefficients satisfy f * j g = l h l . One can prove that * j is a Vey star-product, i.e. the bidifferential operators defining * j have the same principal symbol than the bidifferential operators defining the Moyal-Weyl star-product. Hence
where A is a non-vanishing bidifferential operator. So if η and µ are the infinitesimal actions of f and g,
The first equation of the theorem can be deduced from the expression of the curvature in theorem 7.2 as follows. First recall that
, where X and Y are the Hamiltonian vector fields of f and g. Then we compute the bracket of the operators D X , D Y entering in the definition of Op k (f ) and Op k (g) (cf. (15)) in terms of the infinitesimal actions η and µ on J of X and Y respectively.
Proof. Given any one-form β and complex structure j, denote by p 1,0 j β and p 0,1 j β the component of β of type (1, 0) and (0, 1) for j. The vector field η is given at j by
which implies the result.
Consequently, 
Proof. We have
So the second term of the sum vanishes. Using this it is easy to compute the curvature of Q
which proves the result.
On the other hand we can compute the commutator of Π k with Op k (f ) in terms of the covariant derivative of Π k .
Lemme 8.7. Let f ∈ C ∞ (M, R) and η be the infinitesimal action of f on J , then
Proof. This follows from theorem 8.1 by derivating the relation Π k,jt U t = U t Π k,j0 .
Applying twice this last lemma, we obtain
Now equations (20) and (21) imply
And we deduce the second equation of theorem 8.4 from the first one and lemma 8.6. 8. 4 . An analog result in finite dimension. It is interesting to note that the expression for the curvature in theorem 7.2 is a direct consequence at least formally of theorem 8.1 on the infinitesimal action. Consider a finite dimensional vector bundle E → X endowed with a connection ∇. Assume a Lie group G acts on E preserving the connection. Given η in the Lie algebra g of G, denote by η X the vector field corresponding to the infinitesimal action on the base X and by L η the infinitesimal action on C ∞ (X, E). Then L η − ∇ ηX acts by exterior multiplication by a section
called the moment of η.
Proposition 8.8. For any vectors η, µ ∈ g, we have
where R E is curvature of ∇.
Proof. Since the connection in invariant, we have
Replacing L η with ∇ ηX + M (η), we obtain that
Since η → ∇ ηX + M (η) is a Lie algebra representation, we have for any η, µ ∈ g
Assuming that ∇ is G-invariant, we can compute by the lemma the commutators
we obtain the proposition.
If we apply this equation in our infinite dimensional setting with E the bundle of quantum spaces or prequantum spaces and G the group of prequantization bundle automorphism, we obtain theorem 8.4.
It is also interesting to consider the situation the introduction without half-form bundle (cf. section 1.1). Let
be the prequantum space bundle and Q k be the subbundle of quantum spaces.
As explained in the introduction the Group G of prequantization bundle automorphisms acts on these bundle. Moreover these bundles are endowed with invariant connection. Then one proves that the moment of f ∈ C ∞ (M ) on Q k is the operator (ik)Q k (f ), where Q k (f ) is the Toeplitz operator
with X the Hamiltonian vector field of f . Consequently, one has
where η and µ are the infinitesimal actions of f and g respectively on J int . Then we recover the main point of the argument of Ginzburg and Montgomery: if the curvature vanishes, the map
is a Lie algebra representation. Furthermore, the result of Foth and Uribe gives the first correction terms in the computation of the commutator of two Toeplitz operators.
9. Preliminaries for the proof of theorem 7.1
Given two complex structures j a , j b , we introduce a class of operators from P m k,ja
extending the class of Fourier integral operator we considered previously. First by using the scalar product of P m k,ja , the Schwartz kernels of these operators can be regarded as C ∞ sections of the bundle
Let N be a non-negative integer. We say that (T k ) k∈N * is an operator of A N (j a , j b ) if its Schwartz kernel is of the form
and∂E ≡ 0 modulo a section vanishing to any order along ∆.
• f (., k) is a sequence of sections of δ j b ⊠δ ja → V which has an asymptotic expansion in the C ∞ topology
where for all 0 l N , f −l vanishes to order 2l along the diagonal of M 2 .
As a result, the Schwartz kernel of
2 ) if and only if f l vanishes at order 2l + 1 along the diagonal whenever 2l + 1 0. This follows from the fact that ln E < 0 outside the diagonal and its Hessian along the diagonal is non-degenerate in the transverse directions (cf. lemma 1 in [6] ). We define the symbol of (T k ) as
is the equivalence class of f N −l modulo the functions vanishing at order 2(N − l) + 1 along the diagonal. So with the usual identification, the space of symbol is the space of sections of
where C is the conormal bundle of the diagonal of M 2 . By extending the Fourier integral operators of
in such a way that they satisfy
) becomes a subspace of A 0 (j a , j b ). Both definitions of principal symbols are the same if we identify the sections of S ja,j b 0 = δ j b ⊗δ ja with the fiber bundle morphisms δ ja → δ j b by using the scalar product of δ ja .
Theorem 9.2. If T is an operator of
is a fiber-bundle morphism.
Proof. Again the proof relies on the methods of section 4. To show that Π k,ja SΠ k,j b is a Fourier integral operator, we argue as in the following of lemma 4.2. The other part is an application of the stationary phase lemma in the appendix of [8].
Finally let us describe explicitly the symbol product for the composition of operators of A N (j a , j a ). To do this it is convenient to introduce complex coordinates (U, z i ) for j a and write the symbol in the following way
and ∇ a covariant derivation of δ ja ⊠δ ja . 
where ∆ is the operator
with (G i,j ) the inverse matrix of (G j,i ) whose coefficients are such that
There isn't any difficulty to extend these results to the case where the complex structures depends smoothly on a parameter. We end these preliminaries with the variations of the section E as a function of the complex structure. Let x ∈ M and Γ be a germ at x of a Lagrangian submanifold of M . Let us fix a unitary section s of L → Γ. Let j t be a curve in J int . Then consider a smooth family E t of sections of L → M such that E t = s along Γ and ∂ jt E t ≡ 0 modulo a section vanishing to any order along Γ. Let us write
on a neighborhood of x. 
Since Γ is Lagrangian, T 0,1 jt M and T Γ ⊗ C are transverse. So the result gives the Hessian of f along Γ.
Proof. Since E t (y) is constant for all y ∈ Γ, f t vanishes along Γ. Let us write
We can prove that α t vanishes along Γ and 
vanishes to any order along Γ. Thus the same holds for the derivative
In particular, we have along Γ,
Here we used that µ 0 = 0. Finally the results follows from df t = 1 iα t and (23).
Proof of theorem 7.1
Let us start with the computation of the curvature. By lemma 8.6, 
Proof. First we prove that ∇ End(P m k ) η Π k is an operator of A 2 (j, j) and compute its symbol. Let j t be a curve of J int whose tangent vector at 0 is η. Let Ψ t : δ j0 → δ jt be the continuous family of half-form bundle morphisms such that Ψ 0 is the identity of δ j0 . We have at j 0
Recall that Π k,jt is an operator of A 0 (j t , j t ) with symbol 1. Thus its kernel is of the form k 2π
where f t (., k) is a sequence of sections of δ jt ⊠δ jt equal to 1+O(k −1 ) on the diagonal. We obtain the kernel of Ψ E t = gE 0 .
Let us compute [g]. Let (z i ) be a complex coordinates system for j 0 such that ω = i dz j ∧ dz j at x. Denote by U (t) the symmetric matrix such that the family dz i + j U ij (t)dz j , i = 1, ..., n is a base of Λ 1,0 jt T * x M . So the derivativeU of U (t) at t = 0 is the matrix of η(j 0 ). By proposition 9.4, the symbol of ∇
where we used the notations of theorem 9.3.
Then it follows from theorems 9.1 and 9.2 that
is a Toeplitz operator and we compute its symbol by applying theorem 9.3. First the symbol of ∇
whereV is associated to µ asU to η. Then the symbol of Π k ∇
SinceU andV are the matrices of η(j 0 ) and µ(j 0 ), we obtain the result.
Let us prove now the last part of theorem 7.1. Consider a curve j : [0, 1] → J int . Denote by Ψ t : δ j0 → δ jt the continuous family of half-form bundle morphisms such that Ψ 0 is the identity. where (Ψ t,s : δ jt → δ js ) s is the continuous family of half-form bundle morphisms such that Ψ t,t is the identity of δ jt . By proposition 9.4,
where g t and its first derivatives vanish along the diagonal. So (∇ Let us compute now the symbol at any t. Since σ t = 1, the operator P t is invertible with an inverse in F ((j t , δ jt ), (j 0 , δ j0 )). So the operator P t,s = P s • P Then it is easy to construct by successive approximations a smooth family of operators
in F ((j 0 , δ j0 ), (j t , δ jt )) such that P 0 is the identity of Q m k,j0 and that the total symbol of (∇ • P s ds.
By the first part of theorem 7.1, T t is unitary. Consequently
Then using that Π k,jt (T t − P t )Π k,j0 = T t − P t and Π k,j ∈ F((j, δ j ), (j, δ j )), we show that the Schwartz kernel of T t −P t is uniformly O(k −∞ ) with its successive covariant derivatives. This proves theorem 7.1.
